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We propose a systematic approach to constructing microscopic models with fractional excita-
tions in three-dimensional (3D) space. Building blocks are quantum wires described by the (1+1)-
dimensional conformal field theory (CFT) associated with a current algebra g. The wires are coupled
with each other to form a 3D network through the current-current interactions of g1 and g2 CFTs
that are related to the g CFT by a nontrivial conformal embedding g ⊃ g1 × g2. The resulting
model can be viewed as a layer construction of a 3D topologically ordered state, in which the con-
formal embedding in each wire implements the anyon condensation between adjacent layers. Local
operators acting on the ground state create point-like or loop-like deconfined excitations depending
on the branching rule. We demonstrate our construction for a simple solvable model based on the
conformal embedding SU(2)1 × SU(2)1 ⊃ U(1)4 × U(1)4. We show that the model possesses ex-
tensively degenerate ground states on a torus with deconfined quasiparticles, and that appropriate
local perturbations lift the degeneracy and yield a 3D Z2 gauge theory with a fermionic Z2 charge.
Introduction.—Two-dimensional (2D) topologically or-
dered phases, such as fractional quantum Hall states
[1, 2] and the toric codes [3], harbor deconfined quasi-
particle excitations obeying nontrivial braiding statistics
[4]. In three-dimensional (3D) space, topologically or-
dered phases can have two types of deconfined quasiparti-
cles: point-like or loop-like. While the statistics between
point-like quasiparticles can only be bosonic or fermionic
in 3D space, there are possibilities of nontrivial point-
loop, loop-loop, three-loop, and loop-loop-point braiding
statistics [5–11]. Along with the development of mathe-
matical frameworks for classifying topologically ordered
phases [12–16], construction of microscopic Hamiltoni-
ans is also desired for their realizations in the real world.
For certain 2D topological orders, a systematic construc-
tion scheme of exactly solvable Hamiltonians has been
proposed by Levin and Wen in their string-net models
[17]. Although our understanding of the 3D topologi-
cal orders is much more limited, there have been several
proposed schemes to write down exactly solvable Hamil-
tonians such as the Dijkgraaf-Witten model [18, 19], the
Walker-Wang model [20–22], and their relatives [23].
In this Rapid Communication, we propose yet another
way to construct microscopic Hamiltonians for 3D topo-
logically ordered phases. Our approach is based on two
key ingredients. The first one is coupled-wire construc-
tion of 2D topological phases originally developed by
Kane and co-workers [24, 25]. This construction uses a
hybrid of continuum and lattice descriptions: One spatial
direction is a discrete lattice, while the other direction is
continuum and described by (1 + 1)-dimensional confor-
mal field theory (CFT) [26]. It has been successfully ap-
plied to various 2D topological phases [27–37], and there
have been several applications to the surface [38–44] or
bulk [45–50] of 3D topological phases. The second in-
gredient is the coupled-layer construction of 3D topolog-
ical phases [7, 51–53]. In this construction, one starts
from stacked layers of 2D topologically ordered states
and then induces anyon condensation [54] between ad-
jacent layers. This approach is conceptually appealing
and insightful, but its microscopic implementation is not
straightforward, since a quantum phase transition from
stacked layers of a 2D topological phase to a genuine 3D
topological phase must be achieved by controlling inter-
actions between adjacent layers.
Our construction brings these two ideas together and
yields fully tractable 3D models with deconfined quasi-
particles. We begin with a 3D system built out of quan-
tum wires. They constitute stacked layers of 2D topolog-
ically ordered states, each of which is described as a 2D
coupled-wire model. A crucial step is to use conformal
embedding [26] in each wire, which imposes nontrivial
constraints on local operators and implements an effect
like the anyon condensation. Depending on the choice
of embeddings, the constructed models possess intrinsi-
cally point-like or loop-like quasiparticles deconfined in
the full 3D space, in contrast to the previous 3D coupled-
wire models [45–50]. However, the ground-state (GS) de-
generacy turns out to be extensive due to the presence of
quasiparticles confined in individual wires. We argue that
such a degeneracy can be lifted by local perturbations to
give rise to a pure 3D topological order. We explain the
construction of our model in more detail below.
Model.—Our model consists of quantum wires de-
scribed by the CFT associated with a current algebra
g [55], whose primary fields are generated by the g cur-
rents Jg and J¯g in the left- and right-going sectors, re-
spectively, as local operators with respect to the currents.
The wires are aligned in parallel to the x axis and form
a square lattice in the yz plane as depicted in Fig. 1 (a).
We choose the unit cell to contain two wires, one from
each sublattice of the square lattice as in Fig. 1 (b). We
then write the decoupled-wire Hamiltonian as
H0 =
∑
R
(H0,R +H0,R+δy+δz ), (1)
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FIG. 1. (a) Schematic picture of our model composed of quan-
tum wires described by the g CFT and aligned along the x
axis. (b) The model projected onto the yz plane. The dot-
ted (crossed) circles denote the right-going (left-going) modes.
The red (blue) colors are associated to the g1 (g2) CFTs. The
plaquettes drawn by dashed lines represent the unit cells con-
taining two wires of the g CFT. (c) The model may be viewed
as the layer construction of a 3D topologically ordered state.
where R = (y, z) ∈ (Z,Z) specifies the unit cell, δy =
( 12 , 0), δz = (0,
1
2 ), and H0,r is the Hamiltonian for a
single wire on r standing for R or R + δy + δz . If g is
the affine Lie algebra of a simple Lie group G with level
k, H0,r is given in the Sugawara form [26],
H0,r =
v
4pi(k + g)
∫
dx
(
:JGkr · JGkr : + : J¯Gkr · J¯Gkr :
)
,
(2)
where g is the dual Coxeter number of G and v is a
velocity.
We now assume that g has some nontrivial conformal
embedding [26] g ⊃ g1 × g2, where g1,2 are also current
algebras generated by the currents Jg1r and J
g2
r , respec-
tively. A physical meaning of this embedding is that the
primary fields of individual g1 or g2 do not constitute
local operators of the theory, but their products do when
they form a representation of g. If there exists such an
embedding, the single-wire Hamiltonian is split into the
sum of the Hamiltonians for g1,2. We then consider the
following interactions between adjacent wires:
H1 = γ
∑
R
∫
dx
(
Jg1R · J¯g1R+δy+δz + J¯
g1
R · Jg1R−δy+δz
+ J¯g2R · Jg2R+δy−δz + J
g2
R · J¯g2R−δy−δz
)
. (3)
If g1,2 are affine Lie algebras, the one-loop renormaliza-
tion group analysis shows that this interaction flows to
the strong-coupling limit for γ > 0. For some g1 and g2,
the model is exactly solvable and known to be gapped
[56]. This Hamiltonian is a straightforward extension of
previous coupled-wire models based on the current alge-
bra [25, 34, 35, 39, 44]. The model may appear to be
alternatively stacked layers of the 2D g1 and g2 topologi-
cally ordered states as in Fig. 1 (c). However, the confor-
mal embedding implements the anyon condensation [54]
at which the wires are placed. This makes quasiparticles
of the model essentially deconfined in the full 3D space in
contrast to the stacked 2D topologically ordered states.
In order to see this, we first focus on a simple solvable
model and then argue physical properties of the model
for general g.
Example.—We here consider the case of g = SU(2)1×
SU(2)1 and g1 = g2 = U(1)4. The latter is described by
the free boson CFT with the compactification radius 2,
which is related to the ν = 14 Laughlin state [4]. Each
quantum wire consists of two critical spin- 12 chains, and
each spin chain is described by the SU(2)1 CFT and con-
veniently represented by bosonic fields [57, 58]. We thus
introduce pairs of dual bosonic fields ϕlr, θ
l
r with the chain
index l = 1, 2, which obey the commutation relations
[θlr(x), ϕ
l′
r′(x
′)] = ipiδr,r′δl,l′Θ(x−x′) with Θ(x) being the
Heaviside step function. We also define chiral bosonic
fields by φlR/L,r ≡ ϕlr ± θlr. In terms of these bosonic
fields, the SU(2)1 currents J
g
r = (J
1
r,J
2
r) are represented
as (J lr)
± ∝ e±i
√
2φlL,r and (J lr)
z ∝ ∂xφlL,r and similarly
for J¯lr with φ
l
R,r. These correspond to the uniform parts
of lattice spin operators Sr,l(x). The Hamiltonian for
each wire is given by a free boson theory,
H0,r =
v
4pi
∫
dx
∑
l=1,2
[
(∂xφ
l
R,r)
2 + (∂xφ
l
L,r)
2
]
. (4)
Local operators of the theory are written in terms of left-
right products of the spin- 12 primary fields e
(i/
√
2)φlR/L,r
with the conformal weight h = 1/4 for individual l’s,
such as ei
√
2ϕlr and ei
√
2θlr . Physically, these operators are
related to the Ne´el or dimer order parameters of the spin
chain l: nr,l(x) = (−1)xSr,l(x), r,l(x) = (−1)xSr,l(x) ·
Sr,l(x+ 1).
Let us introduce the symmetric and antisymmetric
combinations of the bosonic fields, φ˜
S/A
P,r ≡ (φ1P,r ±
φ2P,r)/
√
2 for P = R,L, as is usually done in the anal-
ysis of two coupled spin chains [59–61]. We can then
represent the U(1)4 currents (J
g1
r ,J
g2
r ) = (J
S
r ,J
A
r ) by
(JSr )
± ∝ e±i2φ˜SL,r , (JAr )± ∝ e±i2φ˜
A
L,r , which are products
of the SU(2)1 currents. The U(1)4 CFT has three pri-
mary fields eiφ˜
ρ
P,r and e±(i/2)φ˜
ρ
P,r with h = 1/2 and 1/8,
respectively, for each of ρ = S,A. The currents of the
SU(2)1 × SU(2)1 CFT are now represented by bilinears
of the primary fields with h = 1/2 of the U(1)4 × U(1)4
CFT; this establishes the desired conformal embedding.
Plugging the above expressions into Eq. (3), we consider
3the interwire interactions,
H1 = γ
∑
R
∫
dx
[
e
i2(φ˜SL,R−φ˜SR,R+δy+δz )
+ e
i2(φ˜SR,R−φ˜SL,R−δy+δz ) + ei2(φ˜
A
L,R−φ˜AR,R−δy−δz )
+ e
i2(φ˜AR,R−φ˜AL,R+δy−δz ) + H.c.
]
, (5)
which may be generated by four-spin interactions, such
as S+r,1S
+
r,2S
−
r′,1S
−
r′,2. However, we remark that these in-
teractions are irrelevant for the SU(2)-symmetric spin
chains, in contrast to similar microscopic constructions
for the 2D case where interactions are marginal [62–64],
since Jlr has the weight h = 1 and thus the interactions
have the scaling dimension 4. In principle, they can be
made relevant by adding appropriate forward scattering
interactions to H0 [25], but we do not pursue their de-
tailed microscopic forms at this stage. The Hamiltonian
H0 +H1 is a sine-Gordon model with many cosine terms.
On a torus with linear sizes Lx×Ly×Lz, there are 2LyLz
wires and thus 4LyLz pairs of the bosonic fields. Since
the linearly independent set of the 4LyLz fields on the
links satisfies the Haldane’s null-vector condition [65], the
interaction can open a gap. Furthermore, we can solve
the model exactly in the limit of γ →∞, where the link
fields are pinned at potential minima. In this limit, we
can adopt the formal recipe developed by Ganeshan and
Levin [66] to obtain the ground state. As we show below,
the model has extensive GS degeneracy 4 · 22LyLz [67].
Ground state and quasiparticles.—This extensive de-
generacy is in sharp contrast to finite degeneracy ex-
pected for a pure 3D topological order and originates
from less constrained energentics of quasiparticles in
our model. As in the case of 2D coupled-wire mod-
els [25], acting local operators on a ground state cre-
ates kinks on some links, at which the expectation val-
ues of the link fields deviate from those in the ground
state; these kinks are interpreted as quasiparticles. The
actions of such local operators are schematically shown
in Fig. 2 (a). There are two types of operators cre-
ating quasiparticles within the yz plane: One is given
by Sρ,ρ′r (x) ≡ ei(φ˜
ρ
R,r−φ˜ρ
′
L,r), up to multiplications of the
U(1)4 currents, which creates a pair of kinks on two of
the four links centering on r. Successive application of
Sρ,ρ′r along a string separates two kinks far apart and
may be viewed as creating a pair of point-like quasipar-
ticles at the ends of the string. Since eiφ˜
ρ
P,r has h = 1/2,
these point-like quasiparticles are fermions. The other
is given by Mr(x) ≡ e(i/2)(φ˜SR,r−φ˜SL,r+φ˜AR,r−φ˜AL,r), up to
multiplications of Sρ,ρ′r , which creates kinks on all four
links around r. It consists of two primary fields of U(1)4
with h = 1/8. Successively applying Mr over a mem-
brane creates a loop-like excitation at the boundary of
the membrane. To have quasiparticles deconfined in the
full 3D space, we need operators transferring quasiparti-
cles along the x direction. Such operators are given by
Sρ,q,Pr (x, x′) ≡ e(iq/2)[φ˜
ρ
P,r(x
′)−φ˜ρP,r(x)] with q ∈ Z, which
(a)
(b)
FIG. 2. (a) Actions of various local operators on a ground
state. The purple (green) circles denote the kinks created by
the h = 1/8 (h = 1/2) operators of the U(1)4 CFT, respec-
tively. (b) Schematic pictures of the operators {XI , ZI} that
span the degenerate ground states.
transfer a quasiparticle from x to x′ along the wire r.
These operators, together with the fermionic strings in
the yz plane, make fermionic quasiparticles fully decon-
fined in the 3D space. It turns out, however, that we
can also create a pair of the h = 1/8 quasiparticles de-
confined within individual wires but not between wires.
This is actually the source of the extensive degeneracy
that blows up with increasing the number of wires.
In order to see this, we construct a set of opera-
tors that map the GS manifold to itself and span the
4 · 22LyLz -dimensional Hilbert space [67]. One operator
is the closed membrane operator X1 ≡
∏
rMr that cov-
ers the whole yz plane wrapping the torus. The other
operators are formed by closed fermion string operators.
There are two operators winding the torus along the
y or z axis: X2 ≡
∏
r‖yˆ SS,Sr and X3 ≡
∏
r‖zˆ S
S,A
r .
There is also an operator encircling a plaquette p of
the square lattice: Sp ≡
∏
r∈p Sρ,ρ
′
r . Although there
are 2LyLz square plaquettes, there are only 2LyLz − 2
independent Sp’s. We label these plaquette operators
by {X4, X5, · · · , X2LyLz+1}. We can then find a set
of 2LyLz + 1 operators {ZI} that consist of string op-
erators Sρ,q,Pr (0, Lx) and satisfies X1Z1 = iZ1X1 and
XIZI = −ZIXI for I > 1. Such ZI contains a string of
the h = 1/8 primaries winding the torus along the x axis
and intersecting only once with XI . These operators can
be chosen to satisfy [XI , XJ ] = [ZI , ZJ ] = [XI , ZJ ] = 0
for I 6= J (for the precise definitions of XI , ZI , see
[67]). The nontrivial algebra of XI and ZI is related
to the statistical angle pi/4 of the fundamental quasi-
particle of U(1)4. Hence, a pair of operators (X1, Z1)
span a four-dimensional space, and the remaining pairs
(XI , ZI) span two-dimensional spaces each, yielding a
4 · 22LyLz -dimensional Hilbert space of the degenerate
ground states.
Splitting degeneracy.—The GS degeneracy is the very
consequence of the existence of deconfined quasiparticles.
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FIG. 3. (a) Schematic picture of |Ψ〉, which is the condensate
of closed fermion strings. (b) After the condensation, mem-
brane operators composed of the h = 1/8 operators must be
closed as shown in the left-most panel. It results in the 23-
fold degenerate GS manifold spanned by the membrane and
string operators shown in the right three panels.
However, the extensive degeneracy obscures the braiding
statistics of quasiparticles due to the lack of a well-defined
adiabatic process. We thus want to lift the extensive de-
generacy to have ground states with finitely bound de-
generacy. This should be possible since 1D deconfined
excitations within each wire are not robust against local
perturbations. For our purpose, we want a further ki-
netic constraint that prohibits individual motion of the
h = 1/8 quasipaticles and realizes loop-like quasiparticles
deconfied in the xy and zx planes in addition to the yz
plane. Recalling the physics of spin chains, deconfined
excitations are spinons (domain walls) and created by a
string of the spin- 12 primary field, which is now further
fractionalized in our model. Interchain coupling of the
form nr,1 ·nr,2 or r,1r,2 binds these spinons and let the
bound spinons coherently move on the chains. Adding
such interactions to the Hamiltonian and performing de-
generate perturbation theory, we obtain nonvanishing
contributions at forth order, which are operators creat-
ing a closed fermion string; they are precisely Sp defined
above. We can then consider the effective Hamiltonian
Heff = u
∑
p
∫
dx (Sp + H.c.), where the sum is taken
over all square plaquettes. In analogy with the string-
net model [17], a part of the Hilbert space is spanned by
all possible configurations of closed fermion strings. The
operators Sp are local and commuting with each other
and create a “resonance” between these string configura-
tions. The Hamiltonian Heff thus induces a condensation
of the fermion strings and its ground state |Ψ〉 is given
by the equal-weight superposition of all string configu-
rations [see Fig. 3 (a)]. The fermion strings created by
X2 or X3 wind the torus and cannot be removed by the
local resonance. They contribute the GS degeneracy of
22. Projecting X1, Z1 onto |Ψ〉, X21 = 1 and Z1 vanishes
but Z21 survives. From X1Z
2
1 = −Z21X1, they also con-
tribute a factor of 2 to the degeneracy. Thus, we find in
total 23-fold degenerate ground states. This is consistent
with the following physical picture: The condensation of
closed fermion strings allows only closed membrane op-
erators composed of the string operators transferring the
h = 1/8 quasiparticles along the x axis. Hence, we have
three membrane operators of the h = 1/8 quasiparticles
in the xy, yz, and zx planes, which have nontrivial al-
gebra with the fermion string operators along the z, x,
and y axes, respectively, yielding the 23-fold degeneracy
on the torus [see Fig. 3 (b)]. Therefore, with proper
perturbations to lift the extensive degeneracy, our model
will have nontrivial braiding between point-like and loop-
like quasiparticles and describe a Z2 gauge theory with
a fermionic charge.
Generalization.—We now consider the case of general
embedding g ⊃ g1×g2. Let {Φ}, {Φ1}, and {Φ2} be sets
of primary fields of the current algebras g, g1, and g2,
respectively. How the primary field Φ is written in terms
of Φ1 and Φ2 is dictated by the branching rule (BR) [26],
Φ 7→ ⊕Φ1,Φ2 bΦΦ1,Φ2(Φ1 ⊗ Φ2), where the branching in-
dex bΦΦ1,Φ2 is some integer. This determines the allowed
patterns of “fractionalization” of quasiparticles created
by local operators, which are written as left-right prod-
ucts of Φ. We here assume that Φ1 and Φ2 are always
deconfined along the x axis within each wire, as shown
in the previous example, unless additional interactions to
H1 are considered. We make the following observations.
(i) If the BR for given Φ has bΦ11,Φ2 6= 0 and bΦΦ1,12 6= 0
for some nontrivial Φ1 and Φ2 (1 denotes the trivial pri-
mary field), then local operators associated with Φ can
create 3D point-like quasiparticles. We anticipate that
this happens only for the primary fields with integer or
half-integer conformal weight, as the particle statistics in
3D space is either bosonic or fermionic. (ii) If the BR
has bΦ11,Φ2 6= 0 and bΦΦ1,12 = 0 (or vice versa), then there
are point-like quasiparticles confined in a 2D subspace
since wires connected via the g2 (g1) currents can only
form a 2D network. (iii) If the BR has bΦΦ1,Φ2 6= 0 for
nontrivial Φ1 and Φ2, there are loop-like quasiparicles in
the yz plane, but their energetics along the x axis is not
fully constrained.
An example of embeddings that will admit fermionic
point-like quasiparticles is SO(p+q)1 ⊃ SO(p)1×SO(q)1.
Indeed, the previous example is the special case of this
type for p = q = 2. For p = q = 3, this embedding is
equivalent to SU(4)1 ⊃ SU(2)2 × SU(2)2. The primary
fields 6 of SU(4)1 and 3 of SU(2)2 have the conformal
weight h = 1/2 and thus are fermions. Since they follow
the BR 6 7→ (11⊗32)⊕ (31⊗12) [67], we expect from (i)
that local operators associated with 6 create fermionic
quasiparticles. The other primary fields 4 and 4 follow
the BRs 4 7→ 21 ⊗ 22 and 4 7→ 21 ⊗ 22 and will create
loop-like quasiparticles. As models with bosonic quasi-
particles, we may consider the embeddings SU(8)1 ⊃
SU(2)4×SU(4)2 and SU(9)1 ⊃ SU(3)3×SU(3)3. In the
former case, the primary fields 70 of SU(8)1, 5 of SU(2)4,
and 20a (the self-conjugate representation) of SU(4)2 all
have the weight h = 1 and thus are bosons. From the BR
70 7→ (11⊗20a2)⊕ (51⊗12)⊕ (31⊗152), local operators
associated with 70 create bosonic quasiparticles. Simi-
larly, the primary fields 84 and 84 of SU(9)1 and 10 and
510 of SU(3)3 all have the weight h = 1. From the BR
84 7→ (11 ⊗ 102)⊕ (101 ⊗ 12)⊕ (81 ⊗ 82)⊕ (101 ⊗ 102),
local operators associated with 84 or 84 will also cre-
ate bosonic quasiparticles (the BR for 84 is obtained
by conjugation). In the models corresponding to these
embeddings, we expect that the GS manifold still has
extensively degeneracy due to the presence of 1D decon-
fined quasiparticles in each wire, but a condensation of
closed particle strings may lift such degeneracy. How-
ever, since these theories are non-Abelian, the energetics
of quasiparticles will become more complicated than the
solvable example considered before. There is also the case
where there are no point-like quasiparticles deconfined in
the full 3D space, such as SU(6)1 ⊃ SU(2)3 × SU(3)2.
Complete understanding of models related to general em-
beddings is left for the future study.
Discussion.—We proposed a systematic way to con-
struct 3D topological orders from coupled quantum wires
using conformal embedding. We have considered only
bulk properties of the models here, but we anticipate in-
teresting surface physics in these models. In particular,
if some appropriate CFT and embedding are chosen for
each wire, one may find 3D symmetry-protected topolog-
ical (SPT) phases with no nontrivial bulk quasiparticles.
Such SPT phases are expected to have surface topolog-
ical orders when the surface is gapped with preserving
the symmetry [68]. The existing coupled-layer construc-
tions [7, 51–53] will give us a hint on building micro-
scopic Hamiltonians along with our proposal. We also
expect from their similarity that there may be some con-
nection between our models and the Walker-Wang mod-
els [20–22], since our model has a degenerate GS mani-
fold which is spanned by configurations of closed strings
whose condensation leads to a 3D topological order. We
believe that our construction gives a promising route to
obtain microscopic Hamiltonians for various 3D topolog-
ical phases.
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7SUPPLEMENTAL MATERIALS FOR “COUPLED-WIRE MODELS WITH THREE-DIMENSIONAL
FRACTIONAL EXCITATIONS”
A. Solution of the SU(2)1 × SU(2)1 ⊃ U(1)4 × U(1)4 model
We here present the solution of the 3D coupled-wire model based on the conformal embedding SU(2)1×SU(2)1 ⊃
U(1)4 × U(1)4. Let us first summarize the structure of the model. We consider the 3D coupled-wire model given by
the Hamiltonian,
H = H0 +H1. (6)
Here, the first term H0 describes the Hamiltonian for decoupled wires,
H0 =
∑
R
(H0,R +H0,R+δy+δz ), (7)
H0,r =
v
4pi
∫
dx
∑
l=1,2
[
(∂xφ
l
R,r)
2 + (∂xφ
l
L,r)
2
]
, (8)
where R = (y, z) ∈ (Z,Z) specifies the position of a unit cell in the yz plane and each unit cell contains two wires
at the positions R and R + δy + δz with δy = (
1
2 , 0) and δz = (0,
1
2 ). The chiral bosonic fields are defined through
the nonchiral ones by φlR/L,r(x) = ϕ
l
r(x)± θlr(x). The latter fields obey the commutation relations [θlr(x), ϕl
′
r′(x
′)] =
ipiδr,r′δl,l′Θ(x− x′). The second term H1 describes the interactions between wires,
H1 = 2γ
∑
R
∫
dx
[
cos
(
2θ˜R,δy+δz (x)
)
+ cos
(
2θ˜R,−δy+δz (x)
)
+ cos
(
2θ˜R,−δy−δz (x)
)
+ cos
(
2θ˜R,δy−δz (x)
)]
, (9)
where we have defined the bosonic fields on the four links encircling R by
θ˜R,δy+δz (x) ≡ −φ˜SL,R(x) + φ˜SR,R+δy+δz (x),
θ˜R,−δy+δz (x) ≡ φ˜SR,R(x)− φ˜SL,R−δy+δz (x),
θ˜R,−δy−δz (x) ≡ −φ˜AL,R(x) + φ˜AR,R−δy−δz (x),
θ˜R,δy−δz (x) ≡ φ˜AR,R(x)− φ˜AL,R+δy−δz (x),
(10)
and φ˜SR/L,r(x) and φ˜
A
R/L,r(x) are the symmetric and antisymmetric combinations of the bosonic fields φ
l
R/L,r(x),
φ˜SR/L,r(x) ≡
1√
2
(
φ1R/L,r(x) + φ
2
R/L,r(x)
)
,
φ˜AR/L,r(x) ≡
1√
2
(
φ1R/L,r(x)− φ2R/L,r(x)
)
.
(11)
1. Setup of the problem
We now consider the model put on a torus T 3 with linear sizes Lx × Ly × Lz, so that the sum over R = (y, z) is
restricted to the ranges y ∈ [0, Ly − 1) and z ∈ [0, Lz − 1) and the periodic boundary condition is imposed along each
axis. Since the Hamiltonian H0 + H1 is just a sine-Gordon model with 4LyLz cosine terms, we can solve the model
in the limit |γ| → ∞ by expanding the cosine terms around the minima of θ˜R,δ(x) and keeping only quadratic terms.
To do so, we adopt the formal recipe proposed by Ganeshan and Levin in Ref. [66].
Since in this formalism the arguments of cosine terms are assumed to be real-valued, the Hamiltonian H0 +H1 does
not solely maintain the compactification conditions of the bosonic fields,
ϕlr ∼ ϕlr +
√
2piZ,
θlr ∼ θlr +
√
2piZ.
(12)
8We thus add the following terms [66],
HU = −U
∑
R
∑
l=1,2
[
cos(
√
2piP lR) + cos(
√
2piP lR+δy+δz ) + cos(
√
2piQlR) + cos(
√
2piQlR+δy+δz )
]
, (13)
to the Hamiltonian H0 +H1, where P
l
r and Q
l
r satisfy the commutation relations,
[P lr, θ
l′
r′(x
′)] = [Qlr, ϕ
l′
r′(x
′)] = iδr,r′δl,l′ ,
[P lr, ϕ
l′
r′(x
′)] = [Qlr, θ
l′
r′(x
′)] = [P lr, P
l′
r′ ] = [Q
l
r, Q
l′
r′ ] = [P
l
r, Q
l′
r′ ] = 0.
(14)
By letting U → ∞, HU dynamically enforces the compactificatiion conditions in Eqs. (12) and also the discreteness
of P lr and Q
l
r such that P
l
r, Q
l
r ∈
√
2Z. The operators P lr and Qlr represent zero-mode parts in the mode expansions
of the bosonic fields ϕlr(x) and θ
l
r(x), respectively, and are formally written as
P lr =
1
pi
∫ Lx
0
dx ∂xϕ
l
r(x),
Qlr =
1
pi
∫ Lx
0
dx ∂xθ
l
r(x).
(15)
Once these operators are exponentiated in the form ei
√
2pi
∑
l(f
l
PP
l
r+f
l
QQ
l
r) with appropriate coefficients f lP and f
l
Q, they
have a nice physical meaning: They are string operators that transfer certain quasiparticles on the wire r along the
cycle in x on the torus. For example,
e(i
√
2pi/4)(P 1r +P
2
r +Q
1
r+Q
2
r) = e(i/2)
∫ Lx
0
dx ∂xφ˜
S
R,r(x) = SS,1,Rr (0, Lx) (16)
can be seen as the string operator transferring the h = 1/8 quasiparticle of U(1)4 in the symmetric sector.
Labeling the 12LyLz field variables in the cosine terms by CI as
{C1, · · · , C4LyLz} = {Cθ(0,0), · · · , Cθ(Ly−1,0), Cθ(0,1), · · · , Cθ(Ly−1,1), · · · , Cθ(0,Lz−1), · · · , Cθ(Ly−1,Lz−1)},
{C4LyLz+1, · · · , C8LyLz} = {CP(0,0), · · · , CP(Ly−1,0), · · · , CP(0,1), · · · , CP(Ly−1,1), · · · , CP(0,Lz−1), · · · , CP(Ly−1,Lz−1)},
{C8LyLz+1, · · · , C12LyLz} = {CQ(0,0), · · · , CQ(Ly−1,0), · · · , C
Q
(0,1), · · · , CQ(Ly−1,1), · · · , C
Q
(0,Lz−1), · · · , C
Q
(Ly−1,Lz−1)},
(17)
with
CθR ≡ {CθR,1, CθR,2, CθR,3, CθR,4} = {2θ˜R,δy+δz , 2θ˜R,−δy+δz , 2θ˜R,−δy−δz , 2θ˜R,δy−δz},
CPR ≡ {CPR,1, CPR,2, CPR,3, CPR,4} = {
√
2piP 1R,
√
2piP 2R,
√
2piP 1R+δy+δz ,
√
2piP 2R+δy+δz},
CQR ≡ {CQR,1, CQR,2, CQR,3, CQR,4} = {
√
2piQ1R,
√
2piQ2R,
√
2piQ1R+δy+δz ,
√
2piQ2R+δy+δz},
(18)
we consider the Hamiltonian,
H ′ = γ
4LyLz∑
I=1
∫
dx cos
(
CI(x)
)− U 12LyLz∑
I=4LyLz+1
cos(CI), (19)
in the limit of γ → −∞ and U → ∞. The limit γ → ∞ can also be studied by replacing CI → CI + pi for
1 ≤ I ≤ 4LyLz, but it does not alter the conclusions below. In this study, we are just interested in the ground state
of the Hamiltonian H ′. Then the problem to solve boils down to find an integer unimodular matrix VIJ that brings
the skew-symmetric (antisymmetric) integer matrix ZIJ formed by the commutators [66],
ZIJ = 1
2pii
[CI , CJ ], (20)
into the skew normal form [69],
Z ′ = VZVT , (21)
9with
Z ′ =

0 −d1 0 0 · · · 0 0 0M
d1 0 0 0 · · · 0 0 0M
0 0 0 −d2 0 0 0M
0 0 d2 0 0 0 0M
...
...
. . .
...
...
...
0 0 0 0 · · · 0 −dr 0M
0 0 0 0 · · · dr 0 0M
0TM 0
T
M 0
T
M 0
T
M · · · 0TM 0TM OM

. (22)
Here, 2r corresponds to the rank of Z, M = 2r − 12LyLz, 0M and OM are the M -dimensional vector and matrix
whose entries are all zero, respectively, and d1, · · · , dr are positive integers aligned such that dI divides all dJ ’s with
I < J ≤ r. There always exists such a transformation V although it is not unique. Once a transformation V is
found, the ground-state degeneracy is given by
∏r
I=1 dI . [If one only wants to compute the ground-state degeneracy,
it suffices to find the Smith normal form of Z that takes the form of diag(d1, d1, d2, d2, · · · , dr, dr,0M ).] Furthermore,
we can obtain a set of operators,
X ′I = e
(i/dI)
∑
J V2I−1,JCJ ,
Z ′I = e
(i/dI)
∑
J V2I,JCJ ,
(23)
that obey X ′IZ
′
I = e
2pii/dIZ ′IX
′
I and span the dI -dimensional subspace of the ground-state manifold [70]. As we will
show below, we find that r = 4LyLz and
dI =

1 (1 ≤ I ≤ 2LyLz − 1),
2 (2LyLz ≤ I ≤ 4LyLz − 1),
4 (I = 4LyLz),
(24)
and thus the ground state degeneracy is 4 · 22LyLz .
Before proceeding, we here present the explicit form of Z for the completeness. Let us first write Z in the block
form:
Z =
 Zθ,θ Zθ,P Zθ,Q−(Zθ,P )T O4LyLz O4LyLz
−(Zθ,Q)T O4LyLz O4LyLz
 , (25)
where each block is a 4LyLz × 4LyLz matrix. By letting I = (R, `) and J = (R′, `′) with `, `′ = 1, · · · , 4 from
Eqs. (17) and (18), we have
Zθ,θ(R,`),(R′,`′) = 2δ`,1δ`′,2(δR,R′ − δR+ey,R′) + 2δ`,2δ`′,1(−δR,R′ + δR−ey,R′)
+ 2δ`,3δ`′,4(δR,R′ − δR−ey,R′) + 2δ`,4δ`′,3(−δR,R′ + δR+ey,R′), (26)
Zθ,P(R,`),(R′,`′) = δ`,1δR,R′(−δ`′,1 − δ`′,2 − δ`′,3 − δ`′,4) + δ`,2[δR,R′(−δ`′,1 − δ`′,2) + δR−ey,R′(−δ`′,3 − δ`′,4)]
+ δ`,3[δR,R′(−δ`′,1 + δ`′,2) + δR−ey−ez,R′(−δ`′,3 + δ`′,4)]
+ δ`,4[δR,R′(−δ`′,1 + δ`′,2) + δR−ez,R′(−δ`′,3 + δ`′,4)], (27)
Zθ,Q(R,`),(R′,`′) = δ`,1δR,R′(δ`′,1 + δ`′,2 − δ`′,3 − δ`′,4) + δ`,2[δR,R′(−δ`′,1 − δ`′,2) + δR−ey,R′(δ`′,3 + δ`′,4)]
+ δ`,3[δR,R′(δ`′,1 − δ`′,2) + δR−ey−ez,R′(−δ`′,3 + δ`′,4)]
+ δ`,4[δR,R′(−δ`′,1 + δ`′,2) + δR−ez,R′(δ`′,3 − δ`′,4)], (28)
where ey = (1, 0) and ez = (0, 1).
2. Operators spanning the ground-state manifold
While the transformation V can be found in an algorithmic way by repeating elementary low and column operations
[69], we here present a modified algorithm to obtain a physically sensible transformation for our purpose.
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1. We first apply a unimodular transformation C
(1)
I =
∑
J V(1)IJ CJ only acting on the link fields CI with 1 ≤ I ≤
4LyLz. Explicitly, we choose the transformation V(1) such that it brings the fields CI to the following forms:
C
(1)
2(y+zLy)+1
=
{
2θ˜(0,z),−δy−δz for y = 0, 0 ≤ z ≤ Lz − 1,
2θ˜(y,z),−δy+δz for 0 < y ≤ Ly − 1, 0 ≤ z ≤ Lz − 1,
(29)
C
(1)
2(y+zLy)+2
= 2θ˜(y,z),δy+δz for (y, z) 6= (Ly − 1, Lz − 1), (30)
C
(1)
2LyLz+2(y+zLy)
= 2θ˜(y,z),δy+δz + 2θ˜(y,z),−δy+δz + 2θ˜(y,z+1),δy−δz + 2θ˜(y,z+1),−δy−δz
for (y, z) 6= (Ly − 1, Lz − 1), (31)
C
(1)
2LyLz+2(y+zLy)+1
= 2θ˜(y,z),δy+δz + 2θ˜(y,z),δy−δz − 2θ˜(y+1,z),−δy−δz − 2θ˜(y+1,z),−δy+δz
for (y, z) 6= (Ly − 1, Lz − 1), (32)
C
(1)
4LyLz−2 =
∑
y
(
2θ˜(y,0),δy+δz + 2θ˜(y,0),−δy+δz
)
, (33)
C
(1)
4LyLz−1 =
∑
z
(
2θ˜(0,z),δy+δz + 2θ˜(0,z),δy−δz
)
, (34)
C
(1)
4LyLz
=
∑
R
(
2θ˜R,δy+δz + 2θ˜R,−δy+δz + 2θ˜R,−δy−δz + 2θ˜R,δy−δz
)
, (35)
C
(1)
I = CI for 4LyLz < I ≤ 12LyLz. (36)
This is the most heuristic part of our algorithm; we numerically confirmed for many choices of (Ly, Lz) that the
corresponding transformation V(1) is unimodular: |detV(1)| = 1. One can further check that the last 2LyLz + 1
fields, {C(1)2LyLz , · · · , C
(1)
4LyLz
}, defined in Eqs. (31)-(35) commute with each other.
2. We appropriately add integer multiples of C
(1)
I ∈ {C(1)4LyLz+1, · · · , C
(1)
12LyLz
} to C(1)I ∈ {C(1)1 , · · · , C(1)2LyLz−1}
and define the corresponding transformation by C
(2)
I =
∑
J V(2)IJ C(1)J such that the first 4LyLz fields
{C(2)1 , · · · , C(2)4LyLz} are all commuting with each other. Since the transformation V(2) only involves elemen-
tary row operations, it is unimodular. We note that C
(2)
I = C
(1)
I for 2LyLz ≤ I ≤ 12LyLz.
3. After the above two steps, ZIJ in Eq. (20) is transformed into
(V(2)V(1))Z(V(2)V(1))T =
(
O4LyLz −YT
Y O8LyLz
)
, (37)
where Y is an 8LyLz × 4LyLz integer matrix. We then apply elementary row operations to Y such that it
becomes the Hermite normal form,
Y′ =
(
D
O4LyLz
)
. (38)
One can find that D = diag(d1, d2, · · · , d4LyLz ) with dI given in Eq. (24). Writing the corresponding transforma-
tion as Y′ = WY, we obtain the unimodular transformation V(3) = I4LyLz ⊕W where Im is the m-dimensional
identity matrix. We thus find
(V(3)V(2)V(1))Z(V(3)V(2)V(1))T =
O4LyLz −D O4LyLzD O4LyLz O4LyLz
O4LyLz O4LyLz O4LyLz
 . (39)
We then define C
(3)
I =
∑
J V(3)IJ C(2)J .
4. We rearrange C
(3)
I such that Eq. (39) is brought into Z ′ defined in Eq. (22). Writing the corresponding
transformation as V(4), we finally find V = V(4)V(3)V(2)V(1).
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In the end, we obtain the transformed field variables C ′I =
∑
J VIJCJ . Now only C ′2I−1 with 1 ≤ I ≤ 4LyLz contain
the link fields θ˜R,δ(x), while the other C
′
I ’s are composed solely of P
l
r and Q
l
r. In particular, the forms of the link fields
contained in C ′2I−1 with 1 ≤ I ≤ 4LyLz is not changed from C(1)I defined in Eqs. (29)-(35) even after the sequence of
the transformations. The dimensions dI of the ground state subspaces are tied to how these link fields are written in
terms of local operators of the theory. We below consider the operators X ′I = e
iC′2I−1/dI and Z ′I = e
iC′2I/dI that map
the ground-state manifold to itself and span the dI -dimensional subspace of the ground-state manifold. Both X
′
I and
Z ′I must be written as products of local operators.
The link fields in {C ′1, C ′3, · · · , C ′4LyLz−3} and their arbitrary combinations can only form open strings in the yz
plane. The corresponding operators {X ′1, X ′2, · · · , X ′2LyLz−1} must then be written in terms of left-right products of
the U(1)4 currents (J¯
ρ
r )
+ ∝ ei2φ˜ρR,r and (Jρr )− ∝ e−i2φ
ρ
L,r on the same link, which thus trivially act on the ground
state. Their partners {Z ′1, Z ′2, · · · , Z ′2LyLz−1} transfer quasiparticles associated with the h = 1/8 fields e
±(i/2)φ˜ρ
R/L,r of
the U(1)4 CFT along the x axis. Since {X ′1, · · · , X ′2LyLz−1} consist of the U(1)4 currents, their algebras can only be
trivial: X ′IZ
′
I = Z
′
IX
′
I . The fields C
′
2I−1 with 2LyLz ≤ I ≤ 4LyLz are nothing but C(1)I defined in Eqs. (31)-(35). The
link fields in {C ′4LyLz−1, C ′4LyLz+1, · · · , C ′8LyLz−3} form closed strings in the yz plane. The corresponding operators
{X ′2LyLz , X ′2LyLz+1, · · · , X ′4LyLz−1} can be written in terms of left-right products of the h = 1/2 fermionic primary
fields of the U(1)4 CFT, e
iφ˜ρR,r±iφ˜ρ
′
L,r , since they do not create any excitation once they are multiplied along a closed
string. Since the operators {Z ′2LyLz , Z ′2LyLz+1, · · · , Z ′4LyLz−1} transfer the h = 1/8 quasiparticle along a path parallel
to the x axis that intersects with the closed string of the link fields, they obey the algebra X ′IZ
′
I = −Z ′IX ′I . Finally,
C ′8LyLz−1 is composed of the link fields fully covering the yz plane. The corresponding operator X
′
4LyLz
is written in
terms of products of the h = 1/8 primary fields, e(i/2)(φ˜
S
R,r−φ˜SL,r+φ˜AR,r−φ˜AL,r), multiplied over all the wires such that they
do not have a boundary where excitations are created. The string operator Z ′4LyLz transfers the h = 1/8 quasiparticle
along the x axis and obeys the algebra X ′4LyLzZ
′
4LyLz
= eipi/2Z ′4LyLzX
′
4LyLz
.
In Tables I-III, we illustrate a set of the operators obtained by the above algorithm for (Ly, Lz) = (2, 2).
In the main text, we define the operators nontrivially acting on the ground-state manifold by
X1 = X
′
4LyLz ,
X2 = X
′
4LyLz−2,
X3 = X
′
4LyLz−1,
XI = X
′
2LyLz+I−4 (4 ≤ I ≤ 2LyLz + 1)
(40)
and ZI correspondingly. An important observation is that these operators XI consist of the link fields only and do not
involve string operators along the x axis, which are exponentials of P lr or Q
l
r. The operators {X4, X5, · · · , X2LyLz+1}
create closed fermion strings on 2LyLz − 2 square plaquettes in the yz plane. One can also construct the operators
that create closed fermion strings in the remaining two square plaquettes,
X2LyLz+2 = 2θ˜(Ly−1,Lz−1),δy+δz + 2θ˜(Ly−1,Lz−1),−δy+δz + 2θ˜(Ly−1,1),δy−δz + 2θ˜(Ly−1,1),−δy−δz , (41)
X2LyLz+3 = 2θ˜(Ly−1,Lz−1),δy+δz + 2θ˜(Ly−1,Lz−1),δy−δz − 2θ˜(1,Lz−1),−δy−δz − 2θ˜(1,Lz−1),−δy+δz , (42)
from appropriate products of XI with 1 ≤ I ≤ 2LyLz + 1 that involve X21 . The 2LyLz operators Sp ∈
{X4, X5, · · · , X2LyLz+3}, each of which creates a closed fermion string on the plaquette labeled by p, are commuting
with each other and strictly local operators. Thus, an effective Hamiltonian that consists of the sum of all Sp’s and
is defined in the Hilbert space of the 4 · 22LyLz -fold degenerate ground states can induce a condensation of closed
fermion strings.
B. Some conformal embeddings and branching rules
We here show the branching rules for SU(pq)1 ⊃ SU(p)q×SU(q)p discussed in the main text. They can be obtained
from the branching rules for the finite Lie group SU(pq) ⊃ SU(p)× SU(q) and by applying to them elements of the
outer automorphism group of the affine Lie group [26, 71]. In this case, it is also known that the branching index can
only be 0 or 1 [72].
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TABLE I. Graphical representations of the operators spanning the ground-state manifold for (Ly, Lz) = (2, 2). The green solid
lines denote links where the link fields θ˜r,δ are acting. The associated symbols J , ψ, and a correspond to e
i2φ˜
ρ
P,r , eiφ˜
ρ
P,r , and
e(i/2)φ˜
ρ
P,r , respectively, whose labels ρ = S,A and P = R,L should be assigned in accordance with the bosonic modes near the
symbols, and J¯ , ψ¯, and a¯ are to their complex conjugates (they here do not mean left- or right-going modes). The purple ovals
denote string operators along the wires. The associated symbols are similarly defined such as J for ei2φ˜
ρ
P,r
(Lx)−i2φ˜ρP,r(0), ψ¯ for
e−iφ˜
ρ
P,r
(Lx)+iφ˜
ρ
P,r
(0), and so on.
I dI exp(iC
′
2I−1/dI) exp(iC
′
2I/dI) I dI exp(iC
′
2I−1/dI) exp(iC
′
2I/dI)
1 1 J
J
ψ
ψ
ψ
ψ
a a
aa
2 1
J
J
ψ ψψ ψ a
a
a
a
a
a
a
a
3 1
J
J ψ
ψ
ψ
ψ
ψ
ψ
ψ
ψ J
a ψa
a
a
ψ
a
a
a
ψ
a
a
a ψ
a
a
4 1
J
J
ψ Jψ J
ψ
ψψ
ψ
ψψ
ψ
ψ
ψ
ψ
J
a a
a
a
a a
ψ
a
a
a a
ψ
a
a
a a
a
a
5 1
J
J
ψ ψψ ψ
a a
a a
a
a a
a a
a
a a
a a
a
a a
a a
a
6 1
J
J
ψ ψψ ψ
a
a
a
a a
a
a
a
a
a a
a
a
a
a
a a
a
a
a
a
a a
a
7 1
J
J
J
J
ψ
ψ
J
ψ
ψ J
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
8 2
ψ ψψ ψ
ψ ψψ ψ
a
a a
a
a
a
9 1
ψ ψ
ψ
ψ
ψ
ψ
ψψ
a a
a
a
10 2
ψ ψψψ
ψ ψψψ
a
a
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TABLE II. (Continued) Graphical representations of the operators spanning the ground-state manifold for (Ly, Lz) = (2, 2).
I dI exp(iC
′
2I−1/dI) exp(iC
′
2I/dI) I dI exp(iC
′
2I−1/dI) exp(iC
′
2I/dI)
11 1 ψ
ψ
ψ ψψ ψ
ψ
ψ
a
a
12 2 ψ
ψ
ψ
ψ
ψ ψψ ψ
a a
13 2
ψ ψ
ψ ψ ψψ
ψψ
aa
14 2
ψ ψψ ψψ ψψψ
ψ
a
a
a
a
a
a
a
a
15 2
ψ ψ
ψ
ψ
ψ ψ
ψ ψ
a a
aa
16 4
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
1. SU(4)1 ⊃ SU(2)2 × SU(2)2
SU(4)1 has four primary fields corresponding to the Young tableau with a single column. We label them by the
dimensions of the representations and their conformal weights are given by
Rep. 1 4 4 6
h 0 38
3
8
1
2
(43)
For SU(2)2, there are three primary fields:
Rep. 1 2 3
h 0 316
1
2
(44)
The branching rule is then given by
1 7→ (11 ⊗ 12)⊕ (31 ⊗ 32),
4 7→ 21 ⊗ 22,
4 7→ 21 ⊗ 22,
6 7→ (11 ⊗ 32)⊕ (31 ⊗ 12).
(45)
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TABLE III. Graphical representations of the operators trivially acting on the ground-state manifold for (Ly, Lz) = (2, 2).
I exp(iC′4I−3) exp(iC
′
4I−2) exp(iC
′
4I−1) exp(iC
′
4I)
9
J
J
J
J J
J J
J
10
J
J
J
J J
J
ψ ψψ ψ
ψ ψψ ψ
11
ψψψ ψψ
ψ
ψ
ψ
ψ ψψψ
ψψ ψ ψ
ψ ψψ ψψ
ψ
ψ
ψ
ψ ψψ ψ
ψ
ψ
ψ
ψ
12
ψψψ ψψ ψ ψψ
ψ ψψ ψψ ψψ ψ ψ
ψ
ψ
ψ
ψ
ψ ψ
ψ
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
2. SU(8)1 ⊃ SU(2)4 × SU(4)2
For SU(8)1, there are eight primary fields,
Rep. 1 8 8 28 28 56 56 70
h 0 716
7
16
3
4
3
4
15
16
15
16 1
(46)
For SU(2)4, there are five primary fields,
Rep. 1 2 3 4 5
h 0 18
1
3
5
8 1
(47)
For SU(4)2, there are ten primary fields,
Rep. 1 4 4 6 10 10 15 20a 20b 20
b
h 0 516
5
16
5
12
3
4
3
4
2
3 1
13
16
13
16
(48)
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where 20a denote the self-conjugate representation with four boxes and two columns in the Young tableau, while 20b
denote the representation with five boxes and two columns and is conjugate to that with three boxes. The branching
rule is given by
1 7→ (11 ⊗ 12)⊕ (31 ⊗ 152)⊕ (51 ⊗ 20a2),
8 7→ (21 ⊗ 42)⊕ (41 ⊗ 20b2),
8 7→ (21 ⊗ 42)⊕ (41 ⊗ 20b2),
28 7→ (31 ⊗ 62)⊕ (11 ⊗ 102)⊕ (51 ⊗ 102),
28 7→ (31 ⊗ 62)⊕ (11 ⊗ 102)⊕ (51 ⊗ 102),
56 7→ (41 ⊗ 42)⊕ (21 ⊗ 20b),
56 7→ (41 ⊗ 42)⊕ (21 ⊗ 20b2),
70 7→ (11 ⊗ 20a2)⊕ (51 ⊗ 12)⊕ (31 ⊗ 152).
(49)
3. SU(9)1 ⊃ SU(3)3 × SU(3)3
For SU(9)1, there are nine primary fields:
Rep. 1 9 9 36 36 84 84 126 126
h 0 49
4
9
7
9
7
9 1 1
10
9
10
9
(50)
For SU(3)3, there are ten primary fields:
Rep. 1 3 3 6 6 8 10 10 15 15
h 0 29
2
9
5
9
5
9
1
2 1 1
8
9
8
9
(51)
The branching rule is given by
1 7→ (11 ⊗ 12)⊕ (81 ⊗ 82)⊕ (101 ⊗ 102)⊕ (101 ⊗ 102),
9 7→ (31 ⊗ 32)⊕ (61 ⊗ 152)⊕ (151 ⊗ 62),
9 7→ (31 ⊗ 32)⊕ (61 ⊗ 152)⊕ (151 ⊗ 62),
36 7→ (31 ⊗ 62)⊕ (61 ⊗ 32)⊕ (151 ⊗ 152),
36 7→ (31 ⊗ 62)⊕ (61 ⊗ 32)⊕ (151 ⊗ 152),
84 7→ (11 ⊗ 102)⊕ (101 ⊗ 12)⊕ (81 ⊗ 82)⊕ (101 ⊗ 102),
84 7→ (11 ⊗ 102)⊕ (101 ⊗ 12)⊕ (81 ⊗ 82)⊕ (101 ⊗ 102),
126 7→ (151 ⊗ 32)⊕ (31 ⊗ 152)⊕ (61 ⊗ 62),
126 7→ (151 ⊗ 32)⊕ (31 ⊗ 152)⊕ (61 ⊗ 62).
(52)
4. SU(6)1 ⊃ SU(2)3 × SU(3)2
For SU(6)1, there are six primary fields:
Rep. 1 6 6 15 15 20
h 0 512
5
12
2
3
2
3
3
4
(53)
For SU(2)3, there are four primary fields:
Rep. 1 2 3 4
h 0 320
2
5
3
4
(54)
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For SU(3)2, there are six primary fields:
Rep. 1 3 3 6 6 8
h 0 415
4
15
2
3
2
3
3
5
(55)
The branching rule is given by
1 7→ (11 ⊗ 12)⊕ (31 ⊗ 82),
6 7→ (21 ⊗ 32)⊕ (41 ⊗ 62),
6 7→ (21 ⊗ 32)⊕ (41 ⊗ 62),
15 7→ (11 ⊗ 62)⊕ (31 ⊗ 32),
15 7→ (11 ⊗ 62)⊕ (31 ⊗ 32),
20 7→ (41 ⊗ 12)⊕ (21 ⊗ 82).
(56)
